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In the presence of feedback control by “Maxwell’s demon,” the second law of thermodynamics
and the nonequilibrium equalities such as the Jarzynski equality need to be generalized. In this
paper, we derive the generalized Jarzynski equalities for classical Hamiltonian dynamics based on
the Liouville’s theorem, which is the same approach as the original proof of the Jarzynski equality
[Phys. Rev. Lett. 78, 2690 (1997)]. The obtained equalities lead to the generalizations of the second
law of thermodynamics for the Hamiltonian systems in the presence of feedback control.
I. INTRODUCTION
Due to the recent advancement of nonequilibrium statistical mechanics, it has been established that the second
law of thermodynamics can be expressed not only in terms of inequalities but also in terms of equalities, such as the
fluctuation theorem and the Jarzynski equality [1–7]. These equalities are universally valid even if the state of the
system is far from equilibrium. For the case of classical dynamics, the Jarzynski equality [6] is expressed as
〈e−β(W−∆F )〉 = 1, (1)
where 〈. . . 〉 describes the ensemble average for all microscopic trajectories, T = (kBβ)
−1 is the temperature of the
initial canonical distribution with kB being the Boltzmann constant, W is the work performed on the system, and
∆F is the free-energy difference. We note that Eq. (1) holds if the initial distribution of the system is the canonical
distribution. The usual expression of the second law of thermodynamics is a straightforward consequence of the
Jarzynski equality: by using the concavity of the exponential function, we obtain
∆F − 〈W 〉 ≤ 0. (2)
Inequality (2) implies that the amount of the free-energy gain of the system cannot be larger than the amount of the
energy-input (work) on the system on average.
However, if a thermodynamic system is subject to feedback control (or equivalently, the system is controlled by
“Maxwell’s demon” [8–10]), the second law of thermodynamics (2) needs to be generalized [11–21]. Here, “feedback”
means that the control protocol depends on the outcomes obtained by measurements. For example, for the case of
the Szilard engine [9], the demon can extract kBT ln 2 of work from an isothermal cycle by using 1 bit (= ln 2 nat)
of information. The essential of the role of the demon is to increase the system’s free energy with feedback control
by using the information about the system. Recently, the Szilard-type Maxwell’s demon has been experimentally
realized by using colloidal particles [22].
The Jarzynski equality (1) also needs to be generalized in the presence of feedback control. In a previous work [23],
we have derived the generalizations of the Jarzynski equality for classical stochastic dynamics based on the detailed
fluctuation theorem [4, 5]. Moreover, several nonequilibrium equalities with feedback control have also been derived for
different setups [24–28], and relevant issues have been studied [29, 30]. We note that one of the generalized Jarzynski
equalities has been experimentally verified [22]. However, the derivations of the generalized Jarzynski equalities based
on the classical Hamiltonian dynamics have not been studied yet. In this paper, we will derive two generalizations of
the Jarzynski equality based on the Hamiltonian dynamics, in particular based on the Liouville’s theorem.
II. SETUP
We consider a d-dimensional Hamiltonian system with N classical particles. Let x := (r,p) be the phase-space
point of the system, where r and p respectively denote the dN -dimensional position and momentum. We write the
time-reversal of x as x∗ := (r,−p). The Hamiltonian of the system is given by H(x, λ), where λ denotes external
control parameters such as the frequency of the optical tweezers.
We consider the dynamics of the system from time t = 0 to τ . We drive the system from the thermal equilibrium
by changing λ. Let xt := x(t) and λt := λ(t). The initial distribution of the system is assumed to obey the canonical
2distribution corresponding to H(x0, λ0), whose probability density is given by
Pcan[x0, λ0] :=
e−βH(x0,λ0)
Z0
, (3)
where Z0 :=
∫
dx0e
−βH(x0,λ0) is the partition function. The corresponding free energy is F0 := −kBT lnZ0. The
equation of motion is given by
dr(t)
dt
=
∂H
∂p
(x(t), λ(t)),
dp(t)
dt
= −
∂H
∂r
(x(t), λ(t)).
(4)
We write the formal solution of Eq. (4) as
xt =Mt[x0], (5)
where Mt is a bijective map acting on the phase space. The probability density of xt, denoted as P [xt], is then given
by
P [xt] = Pcan[M
−1
t (xt), λ0], (6)
where M−1t is the inverse of Mt, and we used the Liouville’s theorem.
We perform a measurement on the system at time tm (0 ≤ tm < τ) and obtain outcome y. We assume that the
measurement involves a stochastic error characterized by
P [y|xm], (7)
which describes the probability density of obtaining y under the condition that the true state of the system is given
by xm := x(tm) at time tm. If P [y|xm] = δ(y − xm) holds, the measurement is error-free. On the other hand, if the
noise is Gaussian, the conditional probability is given by P [y|xm] ∝ exp
(
−(y − xm)
2/(2N)
)
, where N is the intensity
of the noise. In general, the joint probability density of xm and y is given by
P [xm, y] = P [y|xm]P [xm], (8)
and the probability density of obtaining y is given by
P [y] =
∫
dxmP [xm, y]. (9)
We note that y∗ denotes time-reversal of y corresponding to the time-reversal x 7→ x∗.
We then discuss the concept of the mutual information [31], which is the key quantity to characterize the information
content that is obtained by the measurement. The mutual information, denoted as 〈I〉, is defined as
〈I〉 :=
∫
dxmdyP [xm, y] ln
P [xm, y]
P [xm]P [y]
, (10)
where we write
I[xm, y] := ln
P [xm, y]
P [xm]P [y]
. (11)
The mutual information characterizes the correlation between state xm and outcome y; the more information we get,
the larger 〈I〉 is. In other words, the larger the error is, the less 〈I〉 is. In fact, if two probability variables xm and y
are independent (i.e., P [xm, y] = P [xm]P [y] holds), the mutual information vanishes so that I[xm, y] = 0 holds for all
xm and y.
After the measurement at time tm, we perform feedback control on the system so that the control protocol of λ
depends on outcome y at time t (> tm). To explicitly express the effect of the feedback, we write
xt(y) =Mt(y)[x0] (t > tm), (12)
3where xt(y) is the state of the system at time t (> tm), under the condition that the initial state is x0 and the
measurement outcome is y. Equality (12) means that the Hamiltonian evolution of the system is determined by
outcome y after time tm. We note that map Mt(y) satisfies the Liouville’s theorem for each y.
The Hamiltonian at time τ may also depend on outcome y as H(xτ (y), λτ (y)), where λτ (y) denotes the value of
external parameter λ at time τ under the condition that the outcome is given by y. The corresponding canonical
distribution is given by
Pcan[xτ (y), λτ (y)] :=
e−βH(xτ (y),λτ (y))
Zτ (y)
, (13)
where Zτ (y) :=
∫
dxτ (y)e
−βH(xτ (y),λτ (y)) is the partition function which gives the free energy:
Fτ (y) := −kBT lnZτ (y). (14)
We note that the probability distribution of xτ (y) is not necessarily given by the canonical distribution; P [xτ (y)] =
Pcan[xτ (y), λτ (y)] does not necessarily hold.
In the total process, the work performed on the system is given by
W := H(xτ (y), λτ (y))−H(x0, λ0) = H(Mτ (y)[x0], λτ (y))−H(x0, λ0), (15)
which is determined by initial state x0 and outcome y. On the other hand, the free-energy difference is given by
∆F := Fτ (y)− F0, (16)
which depends on outcome y.
III. MAIN RESULTS
We now derive the two generalizations of the Jarzynski equality. The first one is given by
〈e−β(W−∆F )−I〉 = 1, (17)
where 〈· · · 〉 describes the ensemble average with respect to x0 and y. In fact, W is determined by x0 and y, ∆F by
y, and I by y and x0 through xm =Mtm [x0]. The key feature of Eq. (17) is that the left-hand side involves the term
of the mutual information obtained by the measurement.
The proof of Eq. (17) is as follows. We first assume that P [y|xm] 6= 0 holds for all y and xm. By using the joint
distribution P [x0, y], we obtain
〈e−β(W−∆F )−I〉 =
∫
dx0dy
e−βH(x0,λ0)
Z0
P [y|xm]e
−β(H(xτ (y),λτ (y))−H(x0,λ0))
Z0
Zτ (y)
P [y]
P [y|xm]
=
∫
dxτ (y)dy
e−βH(xτ (y),λτ (y))
Zτ (y)
P [y],
(18)
where we used the Liouville’s theorem dx0 = dxτ (y). By noting that
∫
dxτ (y)e
−βH(xτ (y),λτ (y)) = Zτ (y), we obtain
Eq. (17). We note that Eq. (17) has been obtained in Ref. [23] for classical stochastic systems.
By using the concavity of the exponential function, we have
〈e−β(W−∆F )−I〉 ≥ e−〈β(W−∆F )−I〉. (19)
Therefore, Eq. (17) leads to
〈∆F −W 〉 ≤ kBT 〈I〉, (20)
which is the generalized second law of thermodynamics. Inequality (20) implies that, by using feedback control, the
free-energy increase can be lager than the performed work by the term proportional to the mutual information obtained
by the measurement. The equality in (20) is achieved by the Szilard engine [9], where 〈∆F 〉 = 0, 〈W 〉 = −kBT ln 2,
and 〈I〉 = ln 2 hold. We note that inequality (20) has been obtained in Ref. [15] for quantum systems and in Ref. [23]
for classical stochastic systems.
4We next discuss the second generalization of the Jarzynski equality, which is given by
〈e−β(W−∆F )〉 = γ, (21)
where γ characterizes the efficacy of feedback control. In fact, γ is quantitatively defined as follows. We consider
the backward or time-reversed process of the feedback control with outcome y. The initial state of the backward
process is given by the canonical distribution corresponding to λτ (y), and the backward control protocol is given by
λ†t (y) := λτ−t(y) for each y that is obtained in the forward process. We note that we do not perform any feedback in
the backward process. We then perform a measurement on the system at time τ − tm during the backward process,
and obtain outcome y′. We note that y′ does not necessarily equal to y∗. We write as P †(y)[y
′] the probability density
of obtaining y′ by the measurement during the backward process with control protocol λ†t (y). In particular, the
probability density of y′ = y∗ is written as P †(y)[y
∗]. Then, γ is defined as
γ :=
∫
dyP †(y)[y
∗]. (22)
Parameter γ characterizes how efficiently the feedback is performed, in terms of the sum of the probabilities that the
time-reversed outcome y∗ is obtained during the backward process with time-reversed protocol λ†t (y). We note that
γ = 1 holds without feedback control, because {P †[y∗]} becomes a single probability distribution for such cases. On
the other hand, γ = 2 holds for the case the Szilard engine, where the number of the outcomes is two and the feedback
control is perfect [23]. We note that Eq. (21) has been experimentally verified for a classical stochastic system [22].
We now prove Eq. (21). We first obtain
〈e−β(W−∆F )〉 =
∫
dx0dy
e−βH(x0,λ0)
Z0
P [y|xm]e
−β(H(xτ (y),λτ (y))−H(x0,λ0))
Z0
Zτ (y)
=
∫
dx0dy
e−βH(xτ(y),λτ (y))
Zτ (y)
P [y|xm]
=
∫
dx0dy
e−βH(x
∗
τ
(y),λτ (y))
Zτ (y)
P [y∗|x∗m],
(23)
where we assumed that the error is time-reversal symmetric as
P [y|xm] = P [y
∗|x∗m], (24)
and that the Hamiltonian is also time-reversed symmetric as H(xτ (y), λτ (y)) = H(x
∗
τ (y), λτ (y)). By noting that the
Liouville’s theorem dx0 = dxτ (y) holds for each y, and noting that dxτ (y) = dx
∗
τ (y) holds, we have
〈e−β(W−∆F )〉 =
∫
dx∗τ (y)dy
e−βH(x
∗
τ
(y))
Zτ (y)
P [y∗|x∗m]. (25)
Since the Hamiltonian dynamics is reversible, x∗m = [Mτ−tm(y)]
−1[x∗τ (y)] holds. Therefore, we obtain
〈e−β(W−∆F )〉 =
∫
dx∗τ (y)dy
e−βH(x
∗
τ
(y))
Zτ (y)
P [y∗|[Mτ−tm(y)]
−1(x∗τ (y))] =
∫
dyP †(y)[y
∗] = γ, (26)
which proves Eq. (21). We note that Eq. (21) has been derived for classical stochastic systems [23] and for quantum
systems [28]. We also note that Eq. (21) is a straightforward consequence of a result in Ref. [7] for a special class of
measurements. Equality (21) leads to
〈∆F −W 〉 ≤ kBT ln γ. (27)
The equality in (27) is achieved for the case of the Szilard engine where γ = 2 holds.
We now discuss the relationship between the two generalizations of the Jarzynski equality. The first one (17)
only involves the term of the information I obtained by the measurement, which is independent of the protocol of
the feedback control. On the other hand, the second one (21) involves the term γ that characterizes the efficacy
of feedback control, which describes how efficiently the information is used by the feedback. We then discuss the
quantitative relationship between I and γ. We introduce notation C[X ] := ln〈e−X〉 for arbitrary probability variable
X . We note that C[I] = 0 holds. Then, from Eqs. (17) and (21), we obtain
C[σ + I]− C[σ]− C[I] = − ln γ, (28)
5where σ := β(W −∆F ). If the joint probability distribution of σ and I is Gaussian, Eq. (28) reduces to
〈σI〉 − 〈σ〉〈I〉 = − ln γ. (29)
Eqs. (28) and (29) imply that γ characterizes the correlation between σ and I; the larger γ is, the larger the efficiency
of decreasing σ by using I is.
In the conventional thermodynamics without feedback control, the free energy is not a probability variable. On
the other hand, with feedback control, the final free energy F (y) can be a probability variable, because measurement
outcome y is a probability variable. The free-energy difference ∆F defined in (16) then needs to be inside the statistical
average 〈· · · 〉 in the generalizations of the second law of thermodynamics (20) and (27). Therefore, the generalized
second laws work only when we observe the ensemble of thermodynamic systems and take the ensemble average both
in terms of phase-space point x and outcome y. This is a characteristic of thermodynamics of feedback control. If the
control protocol is independent of outcome y, the free-energy difference also becomes independent of y and inequalities
(20) and (27) reduce to the conventional second law of thermodynamics.
In conclusion, we have derived the two generalizations of the Jarzynski equality, Eqs. (17) and (21), based on the
Hamiltonian dynamics. The former involves the term of the obtained mutual information, and the latter involves the
term of the feedback efficacy. The key of the present derivations is the initial canonical distribution and the Liouville’s
theorem. The equalities lead to the two generalizations of the second law of thermodynamics (20) and (27), which
give the fundamental bounds of the free-energy gain of thermodynamic systems that are subject to feedback control.
We note that our results are consistent with the second law of thermodynamics, if we take into account the energy
cost needed for the controller during the measurement and the information erasure [32].
Acknowledgments
TS acknowledges Prof. Masahito Ueda for a lot of valuable discussions. This work was supported by Grants-in
Aid for Scientific Research (KAKENHI 22103005 and 22340114), the Global COE Program “the Physical Sciences
Frontier”, and the Photon Frontier Network Program of MEXT of Japan. TS also acknowledges support from JSPS
(Grant No. 208038).
[1] Evans D J, Cohen E G D, and Morriss G P 1993 Phys. Rev. Lett. 71 2401
[2] Gallavotti G and Cohen E G D 1995 Phys. Rev. Lett. 74 2694
[3] Evans D J and Searles D J 2002 Adv. Phys. 51 1529
[4] Crooks G E 1999 Phys. Rev. E 60 2721
[5] Jarzynski C 2000 J. Stat. Phys. 98 77
[6] Jarzynski C 1997 Phys. Rev. Lett. 78 2690
[7] Kawai R, Parrondo J M R, and Broeck C V D 2007 Phys. Rev. Lett. 98 080602
[8] Maxwell J C 1871 Theory of Heat, (Appleton: London)
[9] Szilard L 1929 Z. Phys. 53 840
[10] Leff H S and Rex A F (eds.) 2003Maxwell’s demon 2: Entropy, Classical and Quantum Information, Computing, (Princeton
University Press: New Jersey)
[11] Lloyd S and Zurek W H 1991 J. Stat. Phys. 62 819
[12] Touchette H and Lloyd S 2000 Phys. Rev. Lett. 84, 1156
[13] Cao F J, Dinis L, Parrondo J M R 2004 Phys. Rev. Lett. 93 040603
[14] Lopez B J et al. 2008 Phys. Rev. Lett. 101 220601
[15] Sagawa T and Ueda M 2008 Phys. Rev. Lett. 100, 080403
[16] Cao F J and Feito M 2009 Phys. Rev. E 79 041118
[17] Feito M, Baltanas J P, and Cao F J 2009 Phys. Rev. E 80 031128
[18] Maruyama K, Nori F, and Vedral V 2009 Rev. Mod. Phys. 81 1
[19] Suzuki H and Fujitani Y 2009 J. Phys. Soc. Jpn. 78 074007
[20] Brandes T 2010 Phys. Rev. Lett. 105 060602
[21] Kim S W, Sagawa T, Liberato S D, and Ueda M 2011 Phys. Rev. Lett. 106 070401
[22] Toyabe S, Sagawa T, Ueda M, Muneyuki E, and Sano M 2010 Nature Physics 6 988
[23] Sagawa T and Ueda M 2010 Phys. Rev. Lett. 104, 090602
[24] Kim K H and Qian H, Phys. Rev. E 75 022102
[25] Fujitani Y and Suzuki H J. Phys. Soc. Jpn. 79 104003
[26] Ponmurugan M 2010 Phys. Rev. E 82 031129
[27] Horowitz J M and Vaikuntanathan S 2010 Phys. Rev. E 82 061120
6[28] Morikuni Y and Tasaki H 2011 J. Stat. Phys. 43 1
[29] Abreu D and Seifert U 2011 Europhys. Lett. 94 10001
[30] Horowitz J M and Parrondo J M R 2011 arXiv:1104.0332
[31] Cover T M and Thomas J A 1991 Elements of Information Theory, (John Wiley and Sons: New York)
[32] Sagawa T and Ueda M 2009 Phys. Rev. Lett. 102 250602
